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Invariance, Concyclicity, Symmetry, and Automorphisms of D and H
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1 The Normalizing Mdobius Map

Let 29, 23,24 € C be three distinct points.

There is a unique Mobius map S with Szo =1, Sz3 =0, Sz4 = cc.

Proof. If 25, 23, 24 # o0:

S(z) = ;
(z) Z—Z4 22— Z3
and if one of them is oo:
zzzoo:S(z):Z_Za, Z3:oo:S(z):z2_z4, 24200:5(2):Z_Z3.
2 — 24 Z— Z4 22 — %3
Uniqueness. If S7 is another such map, then SSl_l fixes 0,1, co: writing SSl_l(z) = gji?l’ fixing 0 gives
b =0, fixing oo gives ¢ = 0, and fixing 1 gives a = d. So SSfl =id, i.e. §=.5]. O

Definition (cross ratio)

The cross ratio (z1, 29, 23,24) := S(z1), where S is the Mobius map with Szy = 1, Szz = 0,
Sz4 = o0.

2 Invariance of the Cross Ratio

Theorem (Mébius invariance)

Let T be a Mdébius map. Then for any four distinct z1, 29, 23, 24 € @,

(Tz1,T22,Tz3,Tz24) = (21, 22, 23, 24).

Proof. Let Szp = 1, Szz3 = 0, Szg = co. Then ST 1 (Tz) = 1, ST Y (Tz3) = 0, ST~(Tz4) = o0, s0
ST~ is the normalizing map for Tz, Tz3,T24. Hence

(Tzl,TZQ,T23,TZ4) = STﬁl(Tzl) = S(Zl) = (21, 29, 23, 2’4). O

Theorem (cross ratio and concyclicity)

(21, 22, 23, 24) € R if and only if 21, 29, 23, 24 lie on the same circle or line.
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Proof. Let S be the normalizing map for 29, 23, 24 (so Sza,Sz3,S52z4 = 1,0,00). By invariance,
(Zla 225 23, Z4> = (Szb 1>O7 OO) = Szl-

So
(21,22,23,214) ER <= Sz € R <= 2 lies on the line/circle S™*(R U {o0}),

and since Mobius maps send lines-and-circles to lines-and-circles, S~!(R U {oo}) is exactly the line or
circle through z, 23, z4 (it contains them, as Sz = 1,523 = 0,524 = 0o € RU {o0}). O

3 Symmetry
Symmetry with respect to R. The map z — z satisfies

(2,1,0,00) = (2,1,0,00).

Definition (symmetric points)

Points z and z* are symmetric with respect to the line or circle through zo, 23, 24 if
(2, 22, 23, 24) = (2*, 22, 23, 24) (equivalently Sz = Sz*).

Theorem

This notion does not depend on the choice of z9, z3, 24 on the given line or circle. Symmetry with
respect to a line is the usual reflection. Symmetry with respect to a circle |w — a| = r is given by
inversion:

(z* —a) (z —a) =12

\. J

Proof. First, if 2y, 23, 24 € R, the normalizing map S has real coefficients, so S(z) = S(2): real coefficients
commute with conjugation. If 23, 23, z4 lie on a line, an affine map Tz = az + § sends them into R; since
T preserves both cross ratio and (by the real case) symmetry, the symmetric point with respect to the
line is the usual mirror image.

For a circle |{w — a| = r: by translating and rescaling by the M6bius map ¢(z) := (z — a)/r — which sends
the circle to the unit circle, and preserves cross ratio and symmetry — it suffices to treat a = 0,r = 1.
Pick 29, 23, 24 on the unit circle, so z; = 1/z; for j = 2,3,4. For w :=1/z,

(11],22,23,24) = (’11_1,22,23724) = (%7 %7 %7 i) = (Z7Z27Z37Z4)a

where the last equality is Mobius invariance applied to the map ¢ — 1/¢. So z* = 1/z is the symmetric
point when a = 0,7 = 1, i.e. 2*Z = 1 = r2. Undoing the rescaling ¢ gives the general formula (z* —
a)(z —a) =2 O

Remark. With respect to {|z — a| = r}, the symmetric point of a is co. Verification: take zo = a + r,
z3 =a —r, 24 = a+1r on the circle. Then

Z9 — 24 r—ar 1—1
(OO, 22, 23, 24) — — — )

29 — 23 2r 2
a— 23 29— 24 T 1—1 o 1—q 147 —
(CL,ZQ,Z?,,Z;L) = . = - =1 - = (00722723724)7
a—2z4 Z9— 23 —r 2 2 2
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confirming a and oo are symmetric with respect to the circle.

If T is Mo6bius and z, z* are symmetric with respect to a circle or line ¢, then Tz, Tz* are symmetric
with respect to T.

Proof. Let 29, 23,24 € £. By definition and invariance,

(Tz, Tz, Tz3,Tz4) = (2, 22,23, 24) = (2%, 22, 23, 24) = (T'2*, Tz2,T23,T24),

so Tz, Tz* are symmetric with respect to the circle/line through T'z9,T'z3, Tz4, which is T. O

4 Automorphisms of the Disc and the Half-Plane

Let T be Mobius with T'(D) = D (where D = B(0,1)). Then

for some a € D, 6 € R.

0 Z—a
Proof. Preliminary observation. If Tz = e% 1. then for |z| = 1, writing 1 — az = z(z — a),
—az

72| = |zj a|7 _ |z — al _1
l2llz —al |z —aq
so such a map sends the unit circle to itself, and (since T'(0) = —e?a € D) sends D to D.

Construction. Conversely, given T Mobius with T(D) = D, let a := T~1(0) € D. Since T(D) = D forces
T to send the unit circle to itself, T" preserves symmetry with respect to it; the symmetric point of a is
1/a (by the Remark above), and the symmetric point of T'(a) = 0 is oo (center <+ c0). So

T(1/a) = .

A Mébius map with T'(a) = 0, T'(1/a) = oo has the form

z—a _ zZ—a z—a
Tz=c- — =ca- = =:d- —.
z—1/a az —1 1—az
. . : |1 —q _
Since |z| =1 = |Tz| = 1, taking z = 1 gives \d]|1 i =1; as |1 —a| = |1 — al always, |d| =1, so
—-a
d = e" for some 6 € R. [

Theorem

Let H = {Im z > 0}. Then T'(H) = H if and only if

az+b

T,= %77
i cz+d’

a,b,c,d € R, ad — bc > 0.

Proof: very similar, left as an exercise.
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